Abstract. We use a sheaf-theoretic approach to obtain a blow-up formula for Dolbeault cohomology groups with values in the holomorphic vector bundle over a compact complex manifold. As applications, we present several positive (or negative) examples associated to the vanishing theorems of Girbau, Kawamata-Viehweg and Green-Lazarsfeld in a uniform manner and study the blow-up invariance of some classical holomorphic invariants.
1. Introduction 1.1. Background and related works. In complex and algebraic geometries, one of the most important geometric transformations is blow-up (or blow-down) which provides us with a useful method to construct new complex manifolds or algebraic varieties from the original ones. In particular, the blow-up operation plays a significant role in bimeromorphic geometry. For instance, the Kodaira embedding theorem [24] is a remarkable application of the pointed blow-up technique; the first example of non-algebraic Moishezon threefold and non-projective smooth proper algebraic threefold due to Hironaka [19] are constructed by blowing-up technique; Demailly-Paun's characterization of a manifold in the Fujiki Class (C ) in [11] is established by a finite sequence of blow-ups of the complex manifold with a Kähler current along smooth centers to construct a Kähler metric on the final blow-up. According to the celebrated weak factorization theorem [43, 1] , each bimeromorphic map between compact complex manifolds can be factored into a finite sequence of blow-ups and blow-downs.
This implies that a holomorphic invariant of compact complex manifolds is a bimeromorphic invariant, if and only if, it is stable under the blow-up transformation. So from the bimeromorphic geometry point of view, it is natural to study the variant of holomorphic invariants of compact complex manifolds under the blow-up operations, or in a more general setting, to compare holomorphic invariants for holomorphic mappings such as the Dolbeault, Bott-Chern cohomology groups and so on.
The first result in this direction can be traced back at least to Aeppli [2] for proper modifications. Subsequently, from the viewpoint of algebraic geometry Deligne [9] considered the comparison problem of cohomology for proper birational morphisms of smooth schemes over a field k and proved an injectivity result. In particular, for a proper modification π :X → X of compact Kähler manifolds, Grauert-Riemenschneider [13] showed that the induced morphism
(X), for any p, q ≥ 0 is injective. In general, let V be a holomorphic vector bundle over a complex manifold X. Then we can define the Dolbeault cohomology groups of X with values in V . Furthermore, the holomorphic map π :X → X induces a morphism on cohomology groups π * : H p,q (X, V ) → H p,q (X, π * V ), for any p, q ≥ 0.
(1.1)
In his paper [41] , Wells proved that if π is a proper surjective holomorphic mapping of complex manifolds with the same complex dimension, then the pullback of π induces an injection on de Rham, Dolbeault cohomology groups. Moreover, the map (1.1) for the bundle-valued Dolbeault cohomology groups is also injective.
A subsidiary result of the above theorem is a natural isomorphism between cohomologies of relative Dolbeault sheaves given in Lemma 4.5: for 0 ≤ p, q ≤ n,
(π * W )), whose notations we refer to Definition 4.2. This isomorphism is a natural generalization of the key isomorphism
with W being a holomorphic line bundle over X in the proof of Bertram-Ein-Lazarsfeld's vanishing theorem [4, Theorem 1.2] (see also [26, Lemma 4.3.16] for the case of a = 1 therein).
As applications, we uniformly present several positive (or negative) examples associated to the vanishing theorems of Girbau [12] , Kawamata-Viehweg [23, 39] and Green-Lazarsfeld [15] and study the blow-up invariance of some classical holomorphic invariants. In particular, one obtains a new positive example to affirm that Girbau's result is possibly true for p = q when the Chern curvature form of the associated line bundle is semi-positive and positive only on a dense open set: Let π : X → CP n (n ≥ 3) be the blowing up at a point in CP n . Then for p = q, H q (X, Ω p X ⊗ π * O CP n (1)) = 0. More generally, let f : X → Y be a projective and birational morphism between ndimensional smooth varieties over a field of characteristic zero. It is known that f * O X = O Y . Moreover, as a corollary of local Chow's lemma and Hironaka's resolution of singularities [20, Main Theorem II'], the higher direct images R i f * O X , i ≥ 1, of the structure sheaf O X is zero. Hence, for a locally free sheaf W of constant rank on Y , by the projection formula, we have
As a result, an application of the Leray spectral sequence implies that for all l ≥ 0,
which yields the case p = 0, q = l of Theorem 1.2 over a field of characteristic zero. The case p = n, q = l of Theorem 1.2 over a field of characteristic zero follows from f * Ω n X = Ω n Y and R i f * Ω n X = 0, i ≥ 1 by the Grothendieck-Serre duality (cf. [30, §10] for example). But the case p = 0, n for Theorem 1.2 can't be obtained directly by Leray spectral sequences since the relative vanishing doesn't hold necessarily as shown in [36, Remark 2 (β)] then. By Serre's GAGA principle [34] and Theorem 1.2, the isomorphism (1.2) holds for smooth proper varieties over C. Hence, abstractly by Lefschetz's principle, the isomorphism (1.2) should hold for smooth proper varieties over a field of characteristic zero. By a recent result of Chatzistamatiou-Rülling [7] , R i f * O X = 0, i ≥ 1 and f * O X = O Y , hence the isomorphism (1.3) holds for smooth varieties over a field of positive characteristic. This also partially verifies that the isomorphism (1.4) holds for smooth varieties over arbitrary field.
It is also important to note that the topological approach in the proof of de Rham blow-up formula can not directly apply to the Dolbeault blow-up formula. However, the sheaf-theoretic approach still works. Comparing with the de Rham blow-up formula [40, Theorem 7.31] , one finds that a crucial step in the proof is the Thom isomorphism. Because each closed complex submanifold Z of X (as a smooth submanifold) always admits a smooth tubular neighborhood in X, the Thom isomorphism holds necessarily. However, the∂-Thom isomorphism does not hold in general, because of the absence of the holomorphic tubular neighborhood of Z in X. Especially, even for compact Kähler manifolds, there exist some obstructions for the existence of the holomorphic tubular neighborhoods (cf. [33] and references therein).
In particular, if W is a trivial holomorphic line bundle over X, then the formula (1.2) descends to a canonical isomorphism
( [28] . In some sense, the morphism from the sheaf-theoretic approach is the inverse of the morphism from the topological approach. After our preprint had been distributed, Meng [29] informed us that he has also considered the Dolbeault blow-up formula for the bundle-valued case on non-compact manifolds by Mayer-Vietoris sequence.
1.3. Outline of the paper. We devote Section 2 to the preliminaries on the notations throughout this paper and basic sheaf theory of Dolbeault cohomology with values in a holomorphic vector bundle. In Section 3, following the steps in the proof of the Hirsch Lemma for Dolbeault cohomology by Cordero-Fernandez-Gray-Ugarte [8] , we establish that with values in a holomorphic vector bundle. In Section 4, we introduce the notation of relative Dolbeault sheaves associated to the blow-up morphism. In Section 5, we use the preparations of Sections 2-4 to give the first proof of the main result (Theorem 1.2), following the full approach of [32] v3 . Finally, Section 6 contains some applications of Theorem 1.2. Appendix A is a rapid review of Borel spectral sequence of complex analytic bundles and Appendix B presents a second proof of Theorem 1.2 using the same philosophy as in [35] .
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Notations and sheaf theory
In this section we introduce notation and review some basic definitions to be referred to later.
2.1. Notations and conventions. Throughout this paper we assume that X is an ndimensional compact complex manifold and Z ⊂ X is a closed complex submanifold such that r = codim C Z ≥ 2. Let π :X → X be the blow-up of X with the center Z and E := π −1 (Z) the exceptional divisor. We assume the following notations: a) ı : Z ֒→ X is the holomorphic inclusion of Z in X; b)  : E ֒→X is the holomorphic inclusion of E inX; c) W is a holomorphic vector bundle over X andW = π * W is the pullback of W by π; d) ı * W and  * W are the restrictions of W andW on Z and E, respectively.
In summary, we have the following commutative cubẽ
The bottom of the above cube is the blow-up diagram.
2.2. Bundle-valued Dolbeault cohomology. Let A p,q (X, W ) be the space of smooth sections of the bundle
where α 1 , · · · , α k are smooth forms of type (p, q) on U . We then set
The holomorphic property of the trivialization means for any α ∈ A p,q (X, W ) the following equality holds
The equality (2.1) enables us to define an operator
by the condition∂(α| U ) =∂ U (α| U ). We call∂ the canonical (0, 1)-connection of the holomorphic bundle W . It is clear that∂ 2 = 0. Therefore, for any integer p = 0, · · · , n, we get the so-called Dolbeault complex of (p, •)-forms with values in W :
The q-th cohomology of the complex (2.2), denoted by H p,q (X, W ), is called the (p, q)-Dolbeault cohomology group with values in W .
For the given complex manifold X let O X be the sheaf of holomorphic functions on X and Ω and A p,q
Then the sequence (2.4) equals to
, where R q Γ is the q-th derived functor of the global section functor. For the sheaf complex (A p,• X (W ),∂), let R q Γ be the q-th derived functor of the global section functor of the sheaf complex and the q-th hypercohomology of (A 
Direct and inverse images.
Here we refer to [18] as a standard reference of sheaf theory. Let f : X → Y be a continuous map of topological spaces. For an abelian sheaf F on X we define the direct image f * F to be the sheaf on Y defined by setting
where U is open in Y . The i-th higher direct image R i f * F is defined to be the sheafification of the presheaf
is the i-th cohomology sheaf of the sheaf complex f * I • . In general, since the functor f * is left exact, one can define the right derived functor Rf * of f * as follows:
where F • is a bounded blow sheaf complex and F • → I • is a quasi-isomorphism with I • a complex of injectives. Particularly, if X and Y have additional structure (for instance, ringed spaces) we mean R i f * and Rf * in this sense. Let G be an abelian sheaf on Y . The topological inverse image of G , denoted by f −1 G , is defined to be the sheafification of the presheaf
for every open subset U of X.
Assume that f is a morphism of ringed spaces (X,
, the inverse image of G in the sense of ringed spaces is defined to be
Furthermore, we have the well known projection formula to be frequently used in this context.
Lemma 2.1 (Projection formula). For any i ∈ N, there is a natural isomorphism
for a sheaf of O X -module E and a locally free sheaf of constant rank F on Y .
Hirsch Lemma: bundle-valued case
The purpose of this section is to establish the Hirsch Lemma for bundle-valued Dolbeault cohomology using the same results and intermediate steps as in [8, Section 4.2] , which is possibly known to experts.
Suppose that F ֒→ E
π / / B is a holomorphic fibration such that E, B, F are connected complex manifolds. Moreover, we assume that the structure group G of ξ = (E, B, F, π) is connected and all forms we consider are smooth and C-valued. Let W be a holomorphic vector bundle over B andW the pull-back of W by the projection π
From definition, the projection π induces a morphism π * :
Definition 3.1. Let j : F ֒→ E be the inclusion mapping. We say that H
•,• ∂ (F ) satisfies the extending condition, if the morphism of bigraded algebras j * : H
It is noteworthy that the extending condition here is stronger than the condition that each generator of H Assume that H
•,• ∂ (F ) is a free bigraded algebra satisfying the extending condition. Pick up a basis
(F ) and define the differential∂ on T by setting∂
Thus, (T,∂) is a differential graded complex over C. Moreover, we can define a morphism of complexes
wherex i can be viewed as a form on E with values in the trivial holomorphic line bundle.
and define
where the degree 0 ≤ k ≤ n := dim R B. Then we get
The above construction actually yields a filtration on T :
We introduce the following subspaces of T :
The differential∂ acts on p,q L k T with the degree 1 in q and the degree 0 in p, i.e.,
According to the standard spectral sequence theory, there exists a spectral sequence {Ê l ,d l } with respect to the filtration (3.3) such that (i) the term ofÊ l of type (p, q) with the filtration degree s and the total degree s + t is
We claim that the second termÊ 2 is
For the (p, q)-type subspace of T with the filtration degree s and total degree s + t, we have
From (3.4)-(3.6) we obtain the following equality
We are ready to compute p,qÊ s,t 2 . From definition, we have
Furthermore, it is straightforward to get
Consider the filtration degrees of the terms in the right side of (3.10). Observe that
has the filtration degree s + 1. This means that∂(ω s ) ∈ p,q+1 L s+2 T s+t+1 , namely,∂(ω s ) has the filtration degree at least s + 2, if and only if∂(ω j,s−j ) ⊗ x p−j,q−s+j = 0 for any j ≥ 0 and hence∂(ω j,s−j ) = 0. It follows that the subspace
is equivalent to
and thus, by (3.9), we get
For the term p,q B 
Due to (3.1), we get
On one hand, a careful degree checking shows
On the other hand, since∂(ω ′′ ) = 0 it means
As a result, we obtain
From (3.11) and (3.12), it concludes the isomorphisms:
and thus
(F ) satisfies the extending condition (see Definition 3.1). Then the morphism ψ in (3.2) induces an isomorphism 
On the other hand, note that the morphism of complexes ψ : T → A •,• (E, π * W ) is filtration preserving, and hence it induces a morphism of spectral sequences ψ l :Ê l → E l . Combining (3.13) with (3.14) implies that
is isomorphic. As a direct consequence of a standard result in spectral sequence theory we getÊ l ∼ = E l for any l ≥ 2. This meansÊ ∞ ∼ = E ∞ , and therefore ψ induces an isomorphism of cohomologies H
, which completes the proof.
Now consider the projectivization π : P(V ) → B of a holomorphic vector bundle V over B with rank r. Then the fiber F of P(V ) is CP r−1 . Assume that W → B is a holomorphic vector bundle and letW = π * W be the pull-back of W on P(V ). Then we have 
Proof. Note that the Dolbeault cohomology of F is
where the generator t ∈ H 
From definition, the restriction oft to each fiber F is the generator of H * , * ∂ (F ), namely,t| F = t. Consequently, t can be extended to be a class on E.
We can define a natural differential operator of (0,1)-type on T by settinḡ
for any a ⊗ t ∈ T . By definition, the cohomology of T is
According to Lemma 3.2 we obtain
and the proof is complete.
4.
Relative Dolbeault sheaves associated to the blow-up diagram 4.1. Higher direct images. Recall the blow-up diagram:
Then we have the following isomorphisms:
The first isomorphism in (4.2) can be proved by using the Hartogs extension theorem and for the second we refer to [38, §4, Theorem 2]. For s > 1, the third isomorphism in (4.2) was first proved by Gros [16] for smooth schemes over a field. Subsequently, in their paper [17] , Gullén-Navarro Aznar improved this result for any s ≥ 1 on smooth schemes over a field. In his paper [35] 
Proof. (i) The morphism π * : Ω p X → π * Ω pX is naturally induced by the pullback of holomorphic differential forms
First we prove that the morphism π * : Ω p X → π * Ω pX is isomorphic. It suffices to show that
It is easy to see that π * (V ) is injective. In fact, note that π|Ṽ −Ṽ ∩E :
) with (π|Ṽ ) * β = 0. Then we obtain β| V −V ∩Z = (π|Ṽ −Ṽ ∩E ) * β = 0. Since codim C V ∩ Z ≥ 2, the continuity argument gives β = 0. Moreover, for anyα ∈ Γ(Ṽ , Ω pX ), we define a holomorphic p-form on V − V ∩ Z:
As codim C V ∩ Z ≥ 2, the Hartogs extension theorem yields a holomorphic extension α of ϕ on V such that α| V −V ∩Z = ϕ. Then we have (π|Ṽ ) * α |Ṽ −Ṽ ∩E = (π|Ṽ −Ṽ ∩E ) * ϕ =α|Ṽ −Ṽ ∩E .
Again by the continuity argument, we have (π|Ṽ ) * α =α. This shows that π * (V ) is surjective and thus π * (V ) is isomorphic. Furthermore, note that Ω pX (W ) = Ω pX ⊗W and according to the projection formula, we
(ii) The morphism ̟ * : Ω p Z → ̟ * Ω p E is naturally induced by the pullback of holomorphic differential forms
From the Künneth formula [8, Corollary 19] (still true with the noncompact base), we get
By the projection formula for ̟, it follows
Finally, we give the proof of (iii). Because E is the exceptional divisor, there exist two short exact sequences of vector bundles, i.e., the structure sheaf sequence and the dual of the normal bundle sequence onX and E, respectively,
where
For any integer 1 ≤ p ≤ n − 1, by tensoring the sequence (4.3) with Ω pX (W ) ⊗ OX(m) and using the projection formula for the last term, we obtain a short exact sequence of holomorphic vector bundles overX
Taking p-th exterior wedge of (4.4), we obtain an exact sequence
Tensoring  * W ⊗ O E (m) with (4.6), we get another short exact sequence of vector bundles
(4.7) From now on, we fix an integer q ≥ 1 and consider the higher direct images of the first and last terms in (4.7). Observe that the line bundle
So we get R q ̟ * (Ω k E ⊗ O E (l)) = 0 for any integer l ≥ 1. Actually, from the Grauert continuity theorem [3, Theorem 4.12 (ii) of Chapter III], we know that R q ̟ * F k (l) is a locally free sheaf of rank dim H q E z , F k (l) z = 0. Moreover, there hold
Hence, by the long exact sequence of higher direct images of (4.7), we obtain
Likewise, using the vanishing result (4.8) of the case m = 0, one sees that the exactness of the long exact sequence of higher direct images associated to (4.10) implies the following isomorphism
Next we construct an isomorphism between the higher direct images of the third term in (4.5) and the second term in (4.7). Based on the exactness of the functor  * and ı * we have
is a closed embedding).
In summary, for m ≥ 0 there exists an isomorphism
Therefore, if m ≥ 1, then combining (4.9) with (4.12), we get
In the case of m = 0, (4.11) and (4.12) imply
Hence, to prove that the assertion holds, i.e.,
Let us turn back to the long exact sequence of higher direct images associated to (4.5). On one hand, since X is compact and the blow-up morphism π is projective (cf. [14, Remarks 2.1 (0)]), the projection formula and the Grauert-Remmert theorem [3, Theorem 2.1 (B) of Chapter IV] give
for any l ≥ l 0 with some integer l 0 = l 0 (X, Ω pX ). On the other hand, the vanishing result (4.13) implies that the morphism
is surjective for any m ≥ 1. From (4.14) and (4.15) we get
by an induction for the index m. Let m = 0 in the long exact sequence of higher direct images associated to (4.5). On account of the vanishing result (4.16) and the exactness we obtain the desired isomorphism
and this completes the proof.
4.2.
Relative Dolbeault sheaves. Let X be a compact complex manifold and let ı : Z ֒→ X be a closed complex submanifold. There exist two natural morphisms of sheaves:
Z which are induced by the pullback as follows. For any open subset V ⊂ X, we define the morphisms
and 
Then there exists a holomorphic projection given by
For any germ α x ∈ (ı * Ω p Z ) x we can choose a representative (V, α), where α is a holomorphic p-form on V ∩ Z. Particularly, we can choose V small enough such that V ⊂ U and then the restriction of τ on V gives rise to a holomorphic map
It follows that ı * x (β x ) = α x , namely, ı * x is surjective. The proof of (iii) is similar to (ii); see also [32, Lemma 3.9] v3 .
By Proposition 4.3 (i), we get the isomorphisms
where H p,q (X, Z) is the relative Dolbeault cohomology of X with respect to Z defined in [32] v4 . Moreover, the assertion Proposition 4.3 (ii) yields a short exact sequence of O Xmodules 19) and the assertion Proposition 4.3 (iii) induces a short exact sequence of C ∞ X -modules:
As W is a holomorphic vector bundle over X, the sheaf of holomorphic sections of W is a sheaf of O X -modules. Consequently, the tensor functor − ⊗ O X O(W ) is exact. Tensoring (4.19) with O(W ), one gets the short sequence of O X -modules
From the projection formula, we have
Then the short exact sequence (4.21) is equal to
Akin to (4.22) , for the pair of the holomorphic vector bundles (W ,  * W ) we have a short exact sequence of sheaves onX as follows
Lemma 4.4. For any 0 ≤ p ≤ n, the pullback of holomorphic forms induces an isomorphism
From (i) and (ii) in Lemma 4.1, there is a commutative diagram of exact sequences
is surjective by (4.22) . Thus the sheaf morphism
is surjective by the commutative diagram (4.24). As a result, the morphism π * :
(W ) is isomorphic. Now we consider the higher direct images of KX ,E (W ) along π. The short exact sequence (4.23) induces a long exact sequence: for q ≥ 0,
To prove that the higher direct images vanish, we need the following isomorphisms
Combining Lemma 4.1 (iii) with the above equality we get
with q ≥ 1. The exactness of the above sequence induces R q π * K p X,E (W ) = 0, for any q ≥ 2.
It remains to show that R 1 π * K p X,E (W ) vanishes. Consider the exact sequence
The exactness means Im (κ) = 0 and ker (κ) = R 1 π * K p X,E (W ) = Im (ρ), i.e., ρ is surjective. So we get
because  * is surjective. This lemma also can be proved by [28, Lemma 2.4] and the projection formula.
We are ready to present the most important result of this section which plays a significant role in the proof of Theorem 1.2.
Lemma 4.5. For any q ∈ N, the pullback π * induces an isomorphism as abelian groups
By the definition of sheaf cohomology, we have
As defined in [10, (13.4) Definition of Chapter IV], the higher direct images are
According to Lemma 4.4, R q π * K pX ,E (W ) = 0 for q = 0, hence H q (π * G p,• ) = 0 for q = 0, which means that the sheaf complex π * G p,• is exact. It concludes that π * G p,• is a flabby resolution of π * K pX ,E (W ) since the direct image of a flabby sheaf is flabby. Therefore, we derive an isomorphism of abelian groups
(W ) is an isomorphism as in Lemma 4.4, it induces an isomorphism
Combining it with (4.27) concludes the proof.
5. Proof of Theorem 1.2 5.1. Construction of the morphism φ. Let W * be the dual bundle to the holomorphic vector bundle W over X. Then the pullback π * W * is a holomorphic vector bundle onX. Set D p,q (X, W ) as the space of W -valued currents of type (p, q) on X, which is defined to be the dual of the topological vector space A n−q,n−q (X, W * ) equipped with its natural topology. Moreover, the operator∂ induces a differential∂ * on D p,• (X, W ). The associated q-th cohomology of the dual complex {D p,
as shown in the proof of [41, Theorem 3.3] . Similarly, for the π * W -valued currents onX we have̺ * :
The pushforward of the currents defines a morphism
D (X, W ) and gives the following diagram
As the degree of the blow-up morphism π is 1, we get
is an injection (cf. [41, Theorem 3.1 (c)]). From (5.1), we can define a natural morphism
Then (5.1) implies that
is surjective. In view of Lemma 3.3, we get
(E) and ̟ * is the pullback of the projection ̟ :
Then we can define the desired morphism φ by setting
which maps V p,q := H p,q (X, π * W ) to the space
φ is isomorphic.
We divide the proof in two steps. First, we prove that V p,q is isomorphic to W p,q as complex vector spaces, i.e., they have the same complex dimensions. Then we show that the linear morphism φ : V p,q → W p,q is injective.
In the proof we need the following basic result from homological algebra.
Proposition 5.1. Consider an exact ladder of complex vector spaces
If the vertical maps i 1 , i 4 are isomorphic, and i 2 , i 3 are injective, then g 2 induces an isomorphism
Tensoring (4.20) with W (viewed as a complex vector bundle), we get a short exact sequence
is a fine sheaf and hence Γ-acyclic (cf. [40, Proposition 4.36] ). Moreover, since Γ(X, −) is a left exact functor, taking the global sections to the exact sequence above we obtain a short exact sequence of vector spaces
Since ı * commutes with the Dolbeault differential∂, there exists a commutative diagram of short exact sequences
Therefore, there is a short exact sequence for complexes of vector spaces
Likewise, for the triple (X, E,W ), there exist a short exact sequence of C ∞ X -modules
and a short exact sequence for complexes of vector spaces
By the blow-up diagram (4.1), we have  * • π * = ̟ * • ı * and hence there is a commutative diagram for short exact sequences of vector spaces
As the operator∂ commutes with the pullback maps, there exists a commutative diagram
of short exact sequences for complexes of vector spaces. By the definition of hypercohomologies, the standard diagram chasing of the commutative diagram (5.3) gives rise to a ladder of hypercohomologies
Notice that π * is surjective; moreover, a direct check shows that the kernel of π * is equal to the co-kernel of π * , i.e.,
It follows that the restriction of  * on ker (π * ) is injective. Given an elementα ∈ H p,q (X, π * W ), suppose that φ(α) = 0. Then we getα ∈ ker (π * ),  * (α) = 0 and henceα = 0. This implies that φ is injective and the proof of the theorem is now complete.
Applications of Theorem 1.2
We start this section with several basic notions in bimeromorphic geometry, whose nice reference is [37, § 2] . The first one is the proper modification. (i) π is proper and surjective; (ii) there exist nowhere dense analytic subsetsẼ ⊂X and E ⊂ X such that
is a biholomorphism, whereẼ := π −1 (E) is called the exceptional space of the modification.
IfX and X are compact, a proper modification π :X → X is often called simply a modification.
More generally, we have the following important notation in complex geometry. Definition 6.2. Let X and Y be two complex spaces. A map ϕ of X into the power set of Y is a meromorphic map of X into Y , denoted by ϕ : X Y , if X satisfies the following conditions:
If ϕ is a bimeromorphic map, the analytic set [43] ). Let π :X X be a bimeromorphic map between two compact complex manifolds as in Definition 6.2. Let U be an open set where π is an isomorphism. Then π can be factored into a sequence of blow-ups and blow-downs along irreducible nonsingular centers disjoint from U . That is, to any such π we associate a diagram
where 
is semi-positive and has at least n − s + 1 positive eigenvalues at every point of X for some integer s ∈ {1, · · · , n}, then H q (X, Ω p ⊗ L) = 0 for p + q ≥ n + s.
From Theorem 1.2 we can construct a series of examples for the above theorem avoiding the complicated computation. for any non-zero generic L ∈ Pic 0 (X) and A * L ∈ Pic 0 (X). In particular, for 1 ≤ p < n−1 2 , the generic vanishing theorem implies that
X and c 1 (O Z ⊗ L| Z ) = 0, and by Riemann-Roch theorem,
6.2. Blow-up invariants. In this subsection, we always consider the blow-up π :X → X of a compact complex n-dimensional manifold X with a center ı : Z ⊂ X and are able to obtain all the results applicable to a composition of finite blow-ups. The first consideration is the blow-up invariance for the volume of a line bundle. Recall that Definition 6.9 (Volume of a line bundle). Let X be an irreducible compact complex space of dimension n, and L a line bundle on X. The volume of L is defined to be the non-negative real number 
Proof. This is a direct corollary of Theorem 1.2 when one takes p = q = 0 and thus for each i ≥ 1, 
when π is a birational projective mapping.
Next, we consider the bimeromorphic invariance of plurigenera and Kodaira dimension, and blow-up invariance of Kodaira-Iitaka dimension of holomorphic line bundle on a compact complex manifold. We first give a geometric description of the Kodaira map. Let X be a compact connected complex manifold of dimension n and L a holomorphic line bundle over X. The space for holomorphic sections of L on X is finite-dimensional. Set the linear system associated to V = H 0 (X, L) as |V | = {Div(s) : s ∈ V }. The base point locus of the linear system |V | is given by Bl |V | = ∩ s∈V Div(s) = {x ∈ X : s(x) = 0, for all s ∈ V }. Set d = dim H 0 (X, L) and let G(d − 1, H 0 (X, L)) be the Grassmannian of hyperplanes of H 0 (X, L). Corollary 6.13. Let ν :X → X be a bimeromorphic map of two compact complex manifolds X and X. Then there hold the equalities P m (X) = P m (X), κ(X) = κ(X)
for P m (•) = dim C H 0 (•, K ⊗m • ). In particular, if π :X → X is the blow-up morphism and L is a holomorphic line bundle over X, then
Proof. 
where the group on the left-hand side is isomorphic to H 0 (X, K ⊗m X ) directly by Theorem 1.2, while a section of the group H 0 (X, ν * (K ⊗m X ) ⊗ O(m(r − 1)E)) restricts to one of K m X defined off the codimension ≥ 2 fundamental locus of ν, which extends to the whole X by normality.
Then the Kodaira(-Iitaka) dimension case is a direct result of Theorem 6.12 (and Theorem 1.2).
Similarly, one can also obtain that the holomorphic Euler characteristic
for a holomorphic vector bundle F over a compact complex manifold X is a blow-up invariant in the sense:
Corollary 6.14. With the above setting, there holds the equality χ(X, F ) = χ(X, π * F ).
Notice that it seems not easy to obtain Corollary 6.14 by the remarkable HirzebruchRiemann-Roch theorem, which is usually used to compute the holomorphic Euler characteristic, that is, for a holomorphic vector bundle F over X, the holomorphic Euler characteristic χ(X, F ) can be computed as On the other hand, the pullback of the differential forms determines a morphism π * : H p,l (X, W ) → H p,l (X,W ).
So one can have the following commutative diagram of abelian groups
2 (W )
